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This paper is devoted to the multiple-quantum (MQ) NMR spectroscopy in nanopores 5 
filled by a gas of spin-carrying molecules (s=1/2) in a strong external magnetic field. It 
turned out that the high symmetry of the spin system in nanopores yields a possibility to 
overcome the problem of the exponential growth of the Hilbert space dimension with an 
increase in the number of spins and to investigate MQ NMR dynamics in systems 
consisting of several hundred spins. We investigate the dependence of the MQ coherence 10 
intensities on their order (the profile of the  MQ coherence intensities) for a spin system 
governed by the standard MQ NMR Hamiltonian (the nonsecular two-quantum/two-spin 
Hamiltonian) together with the second order correction of the average Hamiltonian 
theory. It is shown that the profile depends on the value of this correction and varies  
from the exponential to  the logarithmic one.15 
1 Introduction 
Multiple-quantum NMR spectroscopy in solids [1] is widely 
used for the investigation of spin cluster growth in the process 
of irradiation of the spin system on the preparation period  of 
a MQ NMR  experiment [1]. In particular, MQ NMR allows 20 
one to count the number of spins in clusters [2], to measure 
the decoherence rate for highly correlated spin states [3,4],  to 
study  the scaling of the decoherence rate with the number of 
correlated spins [3]. 
    It is well known that the many-spin problems of MQ NMR  25 
dynamics represent the theoretical basis of MQ NMR  
spectroscopy. In particular, comparing the profiles of MQ 
NMR coherence intensities (i.e. the dependence of the MQ 
coherence intensities on their orders) at different times of the 
irradiation of the system during the preparation period of the 30 
MQ NMR experiment with the theoretical curves one can 
obtain information about the growth of dipolar spin cluster 
size in the spin evolution process [1]. However, possibilities 
of the theoretical methods are restricted.  The basic obstacle is 
the exponential growth of the Hilbert space dimension with an 35 
increase in the  number  of spins, which may not be overcome 
in general. Nevertheless there are significant achievements in 
this direction.  
 The current state of affairs with the theoretical and 
numerical methods of MQ NMR in solids is the following.  40 
The phenomenological approach [1], which is widely used for 
an interpretation of MQ NMR experiments, yields the 
Gaussian dependence of the MQ NMR coherence intensities 
on their orders (the Gaussian profile of MQ coherence 
intensities). However, it is worth to note that this approach 45 
reduces the  MQ problem to the combinatorial one and does 
not take into account the quantum-mecanical essence of the 
problem. Thus it becomes important to obtain profiles of MQ 
NMR coherence intensities using analytical and/or numerical 
approaches instead of phenomenological one. In general, this 50 
problem is very complicated, so that, until recently, there was 
no exactly solvable model allowing one to make conclusions 
about profiles of MQ NMR coherence intensities. A simple 
example of the exactly solvable model is the one-dimensional 
spin chain with the double quantum Hamiltonian [1] in the 55 
approximation of nearest neighbor interactions. It is shown 
that, starting with a thermodynamic equilibrium state, only 
zero and double quantum coherences are produced [5-7]. 
Next-nearest couplings and other  distant interactions lead to 
higher order coherences which can be observed in MQ NMR 60 
[1]. But these interactions are beyond the  exactly solvable 
models [5-7]. As a result, the exactly solvable models do not 
allow us to investigate the profiles of MQ NMR coherence 
intensities. This means that one should concentrate on  
numerical simulations in order to take into account distant 65 
spin-spin couplings. However the different numerical 
approaches to the problems of MQ NMR dynamics [8,9] allow 
us to simulate systems consisting of no more than twenty 
spins which is again insufficient in order to find the profiles 
of MQ NMR coherence intensities. 70 
 Recently nanosize spin systems had  a new impact on 
investigations of MQ NMR dynamics [10]. A closed nanopore 
filled by spin carrying atoms (molecules) is an example of 
such a system. It is shown that the MQ NMR  dynamics of a 
gas of spin carrying atoms (molecules) in a nanopore avoids 75 
the problem of the exponential growth of the Hilbert space 
dimension with an increase in the number of spins [10]. This 
happens due to the high symmetry of the MQ NMR 
Hamiltonian in nanopores which is associated with two 
reasons.  80 
 The first reason is determined by a possibility of describing 
the dipole-dipole interactions (DDIs)  in  nanopores with only 
one coupling constant. The point is that the molecular 
diffusion does not completely average the DDIs of spin 
carrying atoms (molecules) of a gas in the nanopores in a 85 
strong external magnetic field [11,12]  only if the nanopores 
are nonspherical. Since the characteristic time scale of the 
molecular diffusion tdiff  is much less than the NMR time scale 
td determined by the DDIs ( 710/ −≈ddiff tt ) [12] one can 
suppose that the residual averaged DDIs are determined by 90 
only one coupling constant, which is the same for all pairs of 
interacting spins [11,12]. We emphasize that the accuracy of  
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Fig. 1 The basic scheme of the MQ NMR experiment  when MQ 
dynamics is described by the corrected Hamiltonian. 
this approximation is very high and any correction is 
senseless. As a result, the multiple quantum Hamiltonian 5 
commutes with the operator of the square of the total spin 
angular momentum and this integral of motion leads to the 
block structure of the Hamiltonian.  
 The second reason is the permutative symmetry of the spin 
system in nanopores which yields further simplifications. A 10 
way of using this high symmetry in the problem of MQ NMR 
dynamics was developed in our recent article [10]. As a result, 
MQ NMR dynamics has been  analyzed in systems consisting 
of hundreds of spins so that  it became possible to find  the 
profiles of MQ NMR coherence intensities. 15 
 The first experimental data on MQ NMR spectroscopy in 
solids [1] were in a good agreement with the conclusion of the 
phenomenological theory about the Gaussian profile of MQ 
NMR coherence intensities. However it was shown later [13] 
after processing a large amount of MQ NMR  data that the 20 
profile is exponential.  Ernst with coworkers [14] have found 
that the accuracy of MQ NMR  experiment is insufficient to 
make a choice between Gaussian and exponential profiles. 
The investigation of MQ NMR dynamics of a gas of spin 
carrying atoms (molecules) in nanopores yields an 25 
unambiguous choice. The profile of MQ NMR coherence 
intensities turned out to be an exponential one [10]. It is found  
that the intensities of MQ NMR coherences of orders  4m + 2 
and 4n (m, n are integer) are described by different 
exponential curves in this model.  30 
 It is necessary to emphasize that all developed methods of 
MQ NMR dynamics use only the non-secular two-
quantum/two-spin Hamiltonian in order to describe the 
behavior of spin systems in MQ NMR experiments. However 
higher order corrections of average Hamiltonian theory [15] 35 
can also be important for MQ dynamics. We demonstrate how 
the first nonzero  correction affects on MQ NMR dynamics 
and study peculiarities of the profiles of MQ NMR coherence 
intensities associated with this correction. 
 We also remark that MQ NMR dynamics can be applied to 40 
an analysis of MQ NMR spectra [1]. Since the coupling 
constant  averaged by the molecular diffusion, D , depends on 
the volume and shape of the nanopore and its orientation 
relatively to the external magnetic field [11,12], one can 
obtain this information from a comparison of the calculated 45 
MQ NMR spectra with experimental ones. It is also possible 
to obtain information about the number of spin-carrying atoms 
(molecules) in nanopores studying the profile of MQ NMR 
coherences. This is an advantage of MQ NMR in comparison 
with possibilities of standard NMR for investigations of 50 
nanopore compounds [11]. In addtition, MQ NMR dynamics 
of fluctuating nanocontainers allows us to obtain information 
about the correlation times of these fluctuations. 
 The paper is organized as follows. The theory of MQ NMR 
dynamics of spin carrying ( 1/ 2s = ) atoms (molecules) in 55 
nanopores is developed in Sec. II. In particular, the second 
order correction of average Hamiltonian theory [15] to the 
two-spin/two-quantum Hamiltonian [1] is obtained. The block 
structure of the MQ NMR Hamiltonian with the obtained 
correction is described in Sec. III. The numerical profiles of 60 
the intensities of MQ NMR coherences are given in Sec. IV. 
An effect of corrections to the MQ NMR Hamiltonian on the 
profile of  MQ NMR coherence intensities is discussed 
therein. We briefly summarize our results in the concluding 
Sec. V. 65 
2 MQ NMR  dynamics in systems of equivalent 
spins 
2.1 Multiple quantum Hamiltonian with the second order 
correction 
Let us consider a nanopore  which is filled with a gas of spin-70 
carrying (s=1/2) atoms (molecules). The DDI of spins in a 
strong external magnetic field is governed by the Hamiltonian   
  ∑
<
+−−+ +−=
kj
kjkjkzjzjkdz IIIIIIDH )](2
12[ , (1)  
where 2 2 3(1 3cos ) / (2 )jk jk jkD rγ θ= −h  is the DDI coupling 
constant between spins j and k, γ  is the gyromagnetic ratio, 75 
rjk is the distance between spins j and k, and θjk is the angle 
between the intermolecular vector jkr
r
 and the external 
magnetic field H
r
 which is parallel to z axis [16]. The 
operator αjI  (α=x, y, z) is the projection of the spin angular 
momentum operator on the axis α; +jI  and 
−
jI  are the raising 80 
and lowering operators of spin j. 
 A standard MQ NMR experiment can be divided into four 
distinct periods of time (Fig. 1): preparation (τ), evolution (t), 
mixing (τ), and detection. The preparation period is the heart 
of the MQ NMR experiment. MQ coherences are created by a 85 
periodic multipulse sequence (with  period cτ ) consisting of 
eight-pulse cycles which irradiates the spin system during the 
preparation period [1]. The eight-pulse cycles consist of 
resonance 2( / ) xpi ±  pulses with alternating delays δ and 2δ, 
so that 12cτ δ= . In the rotation reference frame [16] the DDI 90 
Hamiltonian (1) averaged by  the multipulse sequence, HMQ, 
can be presented according to the average Hamiltonian theory 
[15] in the following form 
  20 HHH MQ += , (2) 
where H0 is the averaged nonsecular two-spin/two-quantum 95 
Hamiltonian  
  
)2()2(
0
−+= HHH , (3) 
  ∑
<
±±±
−=
kj
kjjk IIDH 2
1)2(
, (4) 
and H2 is the first non-zero correction to the average 
Hamiltonian H0 [15,17]: 100 
 
2
2 , , 336
c
dy dx dx dyH H H H H
τ   = −    (5) 
where Hdx (Hdy) can be obtained from Eq. (1) by the 
replacement z x↔  ( z y↔ ). 
 The derived expressions (3), (4) for H0  and (5) for H2 are 
valid for any spin system. However, the Hamiltonian of spin 105 
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system in nanopores allows significant simplification.  This 
becomes possible due to the remarkable fact that the 
characteristic time of the molecular spin diffusion in a 
nanopore difft is about 
1110− s, which is much less than the 
characteristic DDI time 410−≈dt s [12].  Thus one can 5 
suppose that the averaged DDI coupling constant D is the 
same for all spin pairs [11,12]. Since the MQ NMR 
Hamiltonian is described by only one coupling constant D one 
can rewrite Eqs. (3) and  (4) as follows [10]: 
 
{ }220 )()(4 −+ +−= IIDH , (6) 10 
where ∑
=
±±
=
N
j
jII
1
 and N is the number of spins in the 
nanopore. Analogously the correction H2 of Eq. (5) can be 
written as follows 
 
2 2 2 2 2 2
2
2 3 4 2 2
2 2 2 4 2 2
3 3 3 9 3{ ( ) ( ) ( )
4 8 8 4 4
3 3 3 3 3( ) ( ) ( )
2 4 2 16 8
3 3 3 3( ) ( ) ( ) ( ) }.
2 8 16 8
c z z z
z z z z
z z
H D I I I I I I
I I I I I I I I I
I I I I I I I I
τ − + −
+ − + − −
+ − + − + +
= + + + −
− + + − +
− + − +
 (7) 
At first glance,  the smallness of the  correction H2 given by 15 
Eq. (7) is defined by the parameter cDε τ= . However, it is 
not difficult to show that the smallness of this correction is 
defined by the different parameter. In fact,  it is well known 
[15] that the local dipolar frequency at every spin should be 
smaller than the inverse period (which is proportional to 1
c
τ − ) 20 
of the multipulse sequence irradiating the spin system during 
the preparation period. This requirement is necessary in order 
for the application of average Hamiltonian theory to  be valid. 
The local dipolar frequency is proportional to the square root 
of the second moment of the NMR absorption line, 2M . In 25 
turn, this second moment, 2M , is proportional to the square of 
the dipolar coupling constant D , and to the number of nearest 
neighbors associated with the given spin. Since all spins are 
nearest neighbors in our model one can obtain that the 
smallness of the correction H2 is defined by the parameter 30 
Nε : 
  N cN D Nε ε τ= = .  (8) 
To  estimate the value of Nε  we refer to the experimental data 
of Ref. 11 in hydrogenated amorphous silicon (a-Si:H) with 
nanovoids that contain high-pressure H2 gas. In accordance 35 
with these data, the DDI coupling constant averaged by the 
molecular diffusion is  2 300 HzD pi≈ ⋅ . Taking the time 
spacing between two pulses of the irradiating multipulse 
sequence 20 µscτ ≈  one can find that 0.53Nε ≈  if the number 
of spins N = 200. This estimation shows that the parameter 40 
Nε  is not small in general. Consequently, the correction H2 
given by Eq. (7) should be taken into account  in analysis  of 
the experimental data of MQ NMR. 
2.2 Intensities of MQ NMR coherences  
In order to find expressions for the intensities, first of all we 45 
have to find the longitudinal polarization ),( tI z τ><  after the 
mixing period of the MQ NMR experiment (Fig.1). Starting 
with the thermodynamic equilibrium state one can find  
 
( , ) Tr{ ( ) ( ) ( ) ( ) }
Tr{ ( ) ( ) ( ) ( )}
z z
z z
i tI i tI
z z z
i tI i tI
z z
I t V e U I U e V I
e U I U e V I V
τ τ τ τ τ
τ τ τ τ
− ∆ ∆+ +
− ∆ ∆+ +
< > = =
   , (9) 50 
 
where we introduce evolution operators ( )U τ  for the 
preparation period and ( )V τ+  for the mixing period as 
follows: 
 55 
 
( )ττ MQiHU −= exp)( ,  ( ) exp( )MQV iHτ τ+ = − % . (10) 
 
Here the Hamiltonian  HMQ is defined by Eq. (2) and the 
Hamiltonian MQH
~
can be written in the following form 
 
2 2
0 2
z zi I i I
MQ MQH e H e H H
pi pi
−
= = − +% %  (11) 60 
where the correction 2H%  is 
  
zz IiIi
eHeH 2222
~
pipi
−
= . (12) 
Note that the transformation from HMQ to MQH
~
, i.e. Eq. (11), 
is equivalent to the replacement x y↔ . As a result, H0 just 
changes sign, while transformation of  H2 is more 65 
complicated, see Eq. (12). The offset ∆ on the evolution 
period in Eq. (9) encodes MQ NMR coherences of different 
orders. 
 Next, it is useful to introduce the density matrices )(τρ and 
)(~ τρ in the preparation and mixing periods 70 
 )()()( τττρ += UIU z , )()()(~ τττρ += VIV z , (13) 
which may be expanded in the series as follows: 
 ∑=
n
n )()( τρτρ , ∑=
n
n )(~)(~ τρτρ , (14) 
where )(τρn , )(~ τρn  are the contributions to )(τρ and )(~ τρ  
from the coherences of nth order. Using Eqs. (9), (13), (14) 75 
and taking into account that  [6] 
  
( ) ( ),
( ) ( ),
z z
z z
i tI i tI in t
n n
i tI i tI in t
n n
e e e
e e e
ρ τ ρ τ
ρ τ ρ τ
− ∆ ∆ − ∆
− ∆ ∆ − ∆
=
=% %
 (15) 
 
 one can obtain 
 ( , ) Tr{ ( ) ( )}in tz n m
n
I t eτ ρ τ ρ τ− ∆< > =∑ % .  (16) 80 
Finally, since the trace operation is invariant with respect to 
rotations about the z axis one can find that 
  )}(~)({Tr),( τρτρτ nn
n
tin
z etI −
∆−∑=><  (17) 
and, as a consequence, the intensity ( )nJ τ  of the MQ NMR 
coherence of order n is determined by 85 
  )}(~)(Tr{)( τρτρτ nnnJ −=  (18) 
 Now let us show that the intensities ( )nJ τ  are real.  Using 
Eqs. (10) and (13)  one can find that 
 
2 2( ) * ( )z zi I i It e t e
pi pi
ρ ρ
−
=%  (19) 
and, consequently, 90 
 
2( ) * ( )i n
n n
t e t
pi
ρ ρ−=% . (20) 
Next, using Eq.(9),  making the unitary transformation of the 
expression ( ) ( ) ( ) ( )z zi tI i tIz ze U I U e V I Vτ τ τ τ− ∆ ∆+ +  with the 
operator exp( )xi Ipi− and using Eqs.(13)-(15) one can find that 
 4  |  Journal Name, [year], [vol], 00–00 This journal is © The Royal Society of Chemistry [year] 
 ( , ) ( )in tz n
n
I t e Jτ τ∆< > =∑ . (21) 
Since the RHS of Eqs.(16) and (21) must coinside, one 
obtains 
 sin( ) ( ) 0n
n
nt J τ∆ =∑ . (22) 
Eq. (22) leads us to the obvious relation 5 
 ( ) ( )n nJ Jτ τ−= , (23) 
which allows us to conclude  that the intensities ( )nJ τ are real. 
However the intensities ( )nJ τ can be negative [18] and their 
sum is not time invariant as in the standard MQ NMR 
dynamics [19]. 10 
   
3 The block structure of the MQ NMR 
Hamiltonian for a spin system in a nanopore 
In  this section we discuss some symmetries  of the 
Hamiltonian HMQ, which provide significant simplifications of 15 
numerical simulations.  
  In general, the dimension of the MQ NMR Hamiltonian, 
HMQ, of Eq. (2) is 2N and it grows exponentially with an 
increase in the number of spins N. Usually eigenstates of Iz 
(the projection of the total spin angular momentum on the 20 
external magnetic field) are used as a basis in order to 
describe MQ NMR dynamics [1] (the multiplicative basis). 
Then the blocks with binomial dimensions appear in 
calculations of intensities of MQ NMR  coherences. At the 
same time, the Hamiltonian HMQ of Eq. (2) commutes with the 25 
total spin angular momentum 2ˆI  and it is suitable to 
investigate MQ NMR dynamics in a nanopore using the basis 
of common eigenstates of 2ˆI  and Iz  [10]. In order to obtain 
the matrix representation of HMQ one should take into account 
that the maximal total spin number is 2/NI = , and its 30 
different values are 2/NS = , 12/ −N , …, ]2/[2/ NN − , 
where [a] is an integer part of a [20]. It is also important that 
nonzero elements of the matrix  representations of the raising 
I+ and lowering −I  operators corresponding to the total spin 
number S are [20] 35 
)1)((||11|| +−+>=−>=<−< −+ MSMSMSMMSM , (24) 
where ,1+−= SM -S + 2, …, S – 1, S. Since the Hamiltonian 
H0 and the correction H2 consist of the operators +I , −I , and 
Iz, Eq. (24) is sufficient in order to obtain the matrix 
representation of the MQ Hamiltonian HMQ. The number of 40 
the energy  levels, nN(S), corresopnding to the total 
momentum S in an N-spin system is [20] 
  
)!
2
()!1
2
(
)12(!)(
SNSN
SNSnN
−++
+
= , 
2
0 NS ≤≤  (25) 
which means that the block of the MQ Hamiltonian 
corresponding to the total spin number S is degenerate and has 45 
the dimension 2S + 1. One can verify that [10] 
  ∑ =+
S
N
N SSn 2)12)(( . (26) 
Thus we have built the total basis consisting of the 2N 
orthonormal vectors which allows us to represent the MQ 
Hamiltonian, HMQ, as a set of blocks corresponding to 50 
different total spin numbers. 
 It is important that the initial density matrix is a 
thermodynamic equilibrium one and is equal to the matrix 
representation of the operator Iz. As a result, the problem  is 
reduced to a set of the analogous tasks for each block SMQH  55 
( 2/NS = , S = N /2 – 1, …, N / 2-[N / 2]) and the contribution 
Jk,S(τ) to the intensity of the k-th order MQ NMR coherence is 
determined as follows 
  
}Tr{
)}(~)(Tr{)( 2,
z
S
k
S
k
Sk
I
J τρτρτ −= , (27) 
/2 /2 1 /2 [ /2]( , ,..., ),N N N Nk k k kdiagρ ρ ρ ρ− −=  60 
/2 /2 1 /2 [ /2]( , ,..., ),N N N Nk k k kdiagρ ρ ρ ρ− −=% % % %  
 
where )(τρ Sk  is the part of )(τρ S  which is responsible for the 
MQ NMR coherence of order k  and Sk−ρ~  is the corresponding 
part of the density matrix )(~ τρ S . Taking into account the 65 
multiplicity of the intensities Jk,S(τ) according to  Eq. (25) one 
can obtain the observable intensities of MQ NMR coherences 
Jk(τ) (-N ≤ k ≤ N) in the following form 
  ∑=
S
SkNk JSnJ )()()( , ττ . (28) 
 It is also suitable to use one more symmetry of the MQ 70 
Hamiltonians of Eqs. (2), (11). The point is that the 
Hamiltonians MQH  and MQH
~
 and all their blocks are 
invariant with respect to the rotation by an angle π  about the z 
axis. It means that  the operator )exp( zIipi  is an integral of 
motion for MQ NMR dynamics even when the corrections  in  75 
Eqs. (2), (11) are taken into account. Thus NN 22 ×  
Hamiltonian matrix is reduced to two 11 22 −− × NN  matrices. 
Consequently, all blocks SMQH  and 
S
MQH
~
 (S = N / 2, N / 2 -1, 
…, N / 2 – [N / 2]) also split in two subblocks. It turns out that 
these submatrices yield the complex conjugate contribution 80 
into intensities of the MQ NMR coherences if only N is odd 
[8]. For this reason, it is sufficient to perform calculations 
with only  one submatrix and double the real parts of the 
resulting intensities. All numerical calculations in  Sec.4 are 
performed for an odd numbers of spins. 85 
 The numerical algorithm for MQ NMR spin dynamics 
[7,8,10] was modified in the present work in order to take into 
account the corrections to the MQ NMR Hamiltonians for the 
preparation and mixing  periods and the new expression of Eq. 
(18) for the intensities of MQ NMR coherences.
 
90 
4 The numerical analysis of MQ NMR dynamics 
of a spin system with the corrected Hamiltonian in 
a nanopore 
Performing numerical calculations one has to take into 
account that the correction H2 of Eq. (5) depends on the small 95 
parameter Nε  , which depends on both the time spacing cτ and 
the number of spins N according to Eq.(8). We see that  in 
order to satisfy the condition 1Nε <  one should decrease the 
time spacing cτ   with an increase in the number of spins N, 
which was used in numerical simulations. It is obvious that 100 
profiles of MQ coherence intensities must depend  
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Fig. 2 Profiles of the  intensities of MQ coherences nJ  averaged over the 
time interval 0 0 2t t t T≤ ≤ +  with  0t =31 and  T =7.255 corresponding 
to the different values of N and Nε : (a) N=201, (b) N=401, (c) N=601 
significantly on the value of the parameter ε N , which is 5 
justified below.  
 Following the strategy of Ref. [10], we consider the averaged 
intensities kJ , 
 
0
0
 2
 
1 ( )
2k k
t T
t
J J t dt
T
+
= ∫ , 0 31t = , 4 / 3 7.255T pi= ≈ .. (29) 
The dimensionless time t Dτ= is used in Eq.(29) and  below. 10 
Our choice of 0t  is motivated by the requirement that the 
quasistationary distribution of intensities is realized; T must 
be  long enough so that all intensities are  quickly oscillating 
over the period T. We take the same values of  t0 and T as in 
[10]. Similar to [10], all intensities are separated into two  15 
families 
 
{ }
{ }
1 4 2
2 4
,  1,2,... ,
,  1,2,... ,
k
k
J k
J k
−
Γ = =
Γ = =
   (30) 
while 0J  may not be referred to any of these families. Each 
family is approximated by a smooth function. Profiles of MQ 
coherence intensities for N = 201, 401, and 601 spins with 20 
different values of Nε  are represented in Fig. 2. This figure 
justifies the statement that the smallness of the correction 2H  
is defined by the parameter Nε  given by Eq.(8). In fact, if 
201 401 601ε ε ε≈ ≈  then profiles corresponding to different N  
have the same shape. Constructing the profiles, we consider 25 
only intensities  J2n  of orders 0, 1,..., 25n = ± ± , since higher 
order intensities are negligeable. If 0Nε = , then we have the 
intensity profiles obtained in [10]: 
 
2
1 1 2 1
2 2
(1 | | )exp( | |),
                                                2, 6,...
exp( | |),  4, 8,...
k
A a k a k k
J k
A k k
α
α
 − + −

= = ± ±

− = ± ±
 (31) 
The parameters Ai, αi, and ai (i = 1,2) have been found for 30 
N = 201, 401, and 601, see Table 1.  
Table 1 The parameters in Eq. (31) corresponding to different values of N 
and Nε = 0 
N 0J  A1 A2 α1 α2 a1 a2 
201 0.1973 0.0875 0.0912 0.1676 0.1140 0.1296 0.0235 
401 0.1604 0.0560 0.0704 0.1154 0.0858 0.0866 0.0120 
601 0.1414 0.0437 0.0608 0.0931 0.0733 0.0691 0.0082 
 
If Nε  is small, then the correction H2 to the Hamiltonian is 35 
not significant and profiles of MQ NMR coherence intensities  
are only slightly deformed. Namely, they are described by Eq. 
(31) with the parameters represented in Table 2.1. These 
profiles are shown in Fig.2 by solid lines. 
Table 2.1 The parameters in Eq. (31) corresponding to different values of 40 
N;  201 401ε ε= = 0.0448, 601ε = 0.0425 
 
N 0J  A1 A2 α1 α2 a1 a2 
201 0.1970 0.0854 0.0916 0.1651 0.1148 0.1209 0.0227 
401 0.1603 0.0551 0.0702 0.1125 0.0846 0.0799 0.0113 
601 0.1414 0.0430 0.0605 0.0901 0.0717 0.0632 0.0076 
Table 2.2 The parameters Pi ( 1, 2i = ) and P  corresponding to different 
values of N; 201 401ε ε= = 0.0448, 601ε = 0.0425 
N P1 P2 P 
201 0.4887 0.3131 0.9988 
401 0.4787 0.3427 0.9817 
601 0.4524 0.3527 0.9465 
 45 
 However, the numerical results may not be approximated 
by Eqs. (31) if Nε  is larger. In this case one has to look for 
more complicated curves. For instance, to approximate 
profiles associated with the middle value of the parameter Nε  
shown in Fig. 2 (dashed lines),  Eq. (31)  must be replaced 50 
with the following one: 
 
 
 
2
1 11 12 1
1/3
2 21 22 23 2
(1 | | )exp( | |),
                                                2, 6,...
(1 | | | | | | )exp( | |),
                                                4, 8,...
k
A a k a k k
k
J
A a k a k a k k
k
α
α
 − + −

= ± ±
= 
+ + + −

= ± ±
 ,(32) 
where the parameters are given in Table 3.1. Note that the 55 
intensities of MQ NMR coherences can be negative when Nε  
is not small (see Fig.2, dashed and dotted lines). Although this 
is a terminological problem only [18] an appearance of 
negative intensities means that the correction 2H  becomes 
quite important. 60 
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Fig. 3 The evolution of the sum P=
50
50
n
n
J
=−
∑  for the system with N=201 
and different values of  201ε  
Regarding the  biggest values of Nε  in Fig.2 (dotted lines), 
the exponential function  in Eq. (32) must be replaced with the 5 
logarithmic one. However, we do not represent analytical 
formulaes for the profiles in this case because such profiles 
mean that the effect of 2H  is too big and corrections of higher 
order of the average Hamiltonian theory [15,17] should be 
also involved. 10 
 Calculating the parameters given in Tables 2.1 and 3.1, we 
took  
Table 3.1 The parameters in Eq. (32) corresponding to different values of 
N  and Nε  
N Nε
 
0J  A1 α1 a11 a12 
201 0.1418 0.1782 0.0611 0.1778 0.1657 0.0314 
401 0.1416 0.1384 0.0285 0.1209 0.1104 0.0189 
601 0.1343 0.1213 0.0203 0.0959 0.0828 0.0131 
N A2 α2 a21 a22 a23 
201 1.5221 0.1331 1.3272 -0.0560 -2.1290 
401 0.0936 0.0150 -0.4136 0.0563 -0.0025 
601 0.1267 0.0655 -0.5501 0.1417 -0.0126 
 15 
Table 3.2 The parameters Pi  (i = 1, 2) and P  corresponding to different 
values of N and Nε  
N Nε  P1 P2 P 
201 0.1418 0.3455 0.1893 0.7130 
401 0.1416 0.2982 0.1875 0.6240 
601 0.1343 0.2800 0.2058 0.6071 
 
into account the fact that 1n
n
J
+∞
=−∞
≠∑  (see Fig. 3). The point is 
that the conditions of a time reversal are not valid for the 20 
mixing period of the MQ NMR experiment if 0.Nε ≠  As a 
result, the intensities ( )nJ τ  of the MQ NMR conerences of 
Eq. (18) contain contributions from different density matrices 
and the sum of these intensities is not determined by the time 
invariant value  25 
 
2Tr ( ) Tr{ },n n
n
ρ τ ρ ρ
−
= ∑  (33) 
unlike the case 0Nε =  [19]. For this reason, we replace 
normalization 1n
n
J
+∞
=−∞
=∑  (which has been used in ref.[10]) 
with the following one: 
 
25
2 1
1
2 n
n
J P
=
=∑ , (34) 30 
 
23
2 2 2
1
2 n
n
J P+
=
=∑ , (35) 
 1 2 0P P P J= + + . (36) 
Eqs. (34), (35) have been used to express  A1 and A2 in terms 
of other parameters.  Numerical values of iP  (i = 1, 2) and P 
for different cases are given in Tables 2.2 and 3.2. Other 35 
parameters in Eq. (32), aij, αi, i = 1,2, j = 1,2,3, may be found 
using the least square method.  
 In conclusion of this section we remark that Fig.3 
demonstrates that the sum of the MQ NMR intensities 
decreases more quickly when the parameter Nε  is larger. A 40 
possible way to reduce this decrease is decreasing Nε  (i.e. cτ )  
during the course of the MQ NMR experiment. 
Conclusions 
We study MQ NMR dynamics of a  spin system in a nanopore 
when the Hamiltonian, governing the spin dynamics, contains 45 
the correction term. This correction is determined by the 
second order correction  of average Hamiltonian theory 
[15,17] and it crucially affects the profile of MQ NMR 
coherence intensities. We have found that the correction term 
conserves the symmetry of intensities of MQ NMR 50 
coherences with respect to a change in  sign of the coherence 
order. However, the conservation law of the sum of MQ NMR 
coherences [19] is not valid and the intensities of MQ NMR 
coherences can be negative [18] for the sufficiently large 
parameter 1Nε < . It is reasonable to assume that an 55 
emergence of negative intensities means that the time spacing 
τc should be decreased in MQ NMR experiments.  
 We emphasize that the small parameter Nε  can be made 
independent on the number of spins in nanopores with the 
corresponding choice of the time spacing cτ  . This fact can be 60 
used in order to find a set of parameters which are necessary 
for performing MQ NMR experiments. We also assume that 
the different curves for profiles of MQ NMR coherence 
intensities of orders 4n + 2  and 4m (n, m are integer) may 
serve as an indicator of an existence of only one dipolar 65 
coupling constant describing MQ dynamics. 
 Finally, we notice that the profile of MQ NMR coherence 
 This journal is © The Royal Society of Chemistry [year] Journal Name, [year], [vol], 00–00  |  7 
intensities is exponential for very small parameters Nε . 
Otherwise the profile is described by more complex functions. 
It is worth to note that the exact solutions for spin dynamics in 
nanopores [12,21] are very promising for an interpretation of 
MQ NMR experiments.  5 
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